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1 Introduction
The implicit and explicit rules of academic research stress a specific reward system in which
priority is essential (Merton, 1957). The recognition of a scholar as the intellectual proprietor of
the knowledge she produced increases her credit within the peer community. In turn scientific
reputation translates into increased wages, more prestigious positions and other non monetary
rewards (Dasgupta and David, 1994). The academic reward system appears to be fundamentally
reputation-based which has two main implications on the provision of incentives across time (for
a given scholar) and across scholars.
First reputation based incentives tend to distort the distribution of incentives during researchers’ careers since the returns of research activity are usually delayed and spread over the
remaining professional cycle. Scientists are thus essentially facing dynamic incentives (career
concern). Because the expected returns of efforts are decreasing with the remaining activity
period, the sharp decline of incentives in the late career is likely to overbalance the experience
effect. Thus an inversed-U shape of scientific production distribution over the career-cycle is
predicted. Several empirical studies using panel data of publication profiles have corroborated
this statement (Weiss and Lillard, 1982 ; Levin and Stephan, 1992)1,2 . The second consequence
of such a reputation based reward system is that resources and means are not uniformly distributed across agents but tend to be concentrated in the hands of those who have more credit.
Cumulative processes bias the academic competition providing some competitive advantage to
the agents who have experienced the best early career accomplishments3 . Analyses of the distribution of publication records among scholars4 and time series analysis (Allison and Stewart,
1974) support the accumulative advantage hypothesis.
1

Stephan and Levin (1997) show that the peak is often attained between 35 and 50 years old in the field of
Biochemistry and Physiology. Diamond (1986) finds that the publication profiles of Berkeley University mathematicians decrease over the whole career. This specificity may be explained by the low experience effect in this
discipline.
2
Such results suggested improvements of human capital theory. Two technical solutions may be used. The first
one consists in introducing human capital depreciation. Since it also generates a counter-factual decrease in wages,
another solution has been suggested by Levin and Stephan (1991) who introduced a “puzzle solving” argument
in academics objective function, namely the agents do not value only wages but also scientific production itself
(or get other satisfactions from it but the wage).
3
R. K. Merton (1968, 1988) gives the label of Matthew effect to the various accumulative advantages affecting
the academic sphere. He refers to the quotation of the Gospel according to Saint Matthew : “for unto every one
that hath shall be given, and he shall have abundance : but from him that hath not shall be taken away even
that which he hath” (ancient English). The first evidencing of cumulative advantages in the academe is due to
H. Zuckerman’s Ph.D. thesis defended in 1965 (having R.K. Merton as a supervisor) and which was dedicated to
studying Nobel Price laureates career paths. In the early emergence of this notion, both Merton and Zuckerman
tend to limit the application of the notion to the symbolic mechanism according to which already reputed scholars
gain more credit than less reputed ones from a co-authored paper or from a simultaneous discovery. The extension
to various cumulative advantages comes later (e.g. in Merton, 1988).
4
Such distribution is known to be highly skew : few researchers publish many articles and many researchers
each publishing only few papers. The shape of the distribution can be well approximated by an inverse power
distribution (Power Law) given by the following function : f (n) = an−k with f (n) the number of authors having
published n papers, a and k being the parameters of the law. When k = 2, this expression is identical to the
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This paper is dedicated to the presentation of an original model of academic competition5
which encompasses the two stylized facts exposed above. It relies upon the simple following
mechanism. We suggest that academic positions differ both in their associate productivity and
in the utility they provide to scholars (both due to different wages and other non monetary
satisfactions). At the different stages of their career path, agents compete to get the best positions
and the (equilibrium) universities hiring and promotion decisions are taken according to the
scientific production (or credit) ranking at the previous stage. Therefore, the most productive
scientists in their early career are favored in the next stages.
Empirical evidence supports the idea that a mechanism of such kind is at play in the academia. The universities, as well as the research positions they propose, are quite heterogeneous
in terms of their associated productivity. Stephan (1996) argues that prestigious institutions
are more doted of heavy instrumentation equipment that less established ones cannot afford.
Cole (1970) shows that the reputation of the hosting institution generally signals researchers
abilities, enabling them both to more efficiently raise funds and to more quickly and widely
diffuse their results in the scientific community. Hansen et al. (1978) showed that the quality
of the researchers’ universities is the critical variable for explaining future production. Cole and
Cole (1973) found a university department quality effect on the productivity of physicists. Some
empirical evidence also suggests that the attribution of best positions, either through internal
promotions or through hiring decisions (Garner, 1979), is mainly based on past scientific production. Zivney and Bertin (1992) showed that the researchers “tenured” in the twenty five most
reputed Finance departments of US universities, previously published sensibly more than the
average tenured researcher. Having studied the mobility of more than 3,800 economists, Ault,
Rutman and Stevenson (1978, 1982) showed that the main determinant of the quality of the first
position hosting institution is the quality of the training university (both at “undergraduate”
and “graduate” levels) and the quality of the university where the Ph.D. has been defended. Moreover they showed that further “upward mobility” (mobility associated with an increase in the
quality of the institution) is mainly explained by past publications (even if the effect is limited).
The most productive agents will benefit from better research positions and are in turn likely to
publish more. This way the academic competition is dynamically biases in the sense of Merton’s
cumulative advantage, because the initial successes tend to further improve productivity and in
turn favor late successes. Thus, it is in the very nature of the academic employment relationship
that lies one of the sources of the accumulative advantage process.
one initially proposed by Lotka (1926). Many empirical studies confirmed of the relevance of such distribution for
different scientific domains : e.g. Murphy (1973) for Humanities, Radhakrishnan and Kernizan (1979) in Computer
sciences, Chung and Cox (1990) in Finance, Cox and Chung (1991) in Economics, Newman (2000) for Physics
and Medicine, Barabasi et al. (2001) for Maths and Neurosciences, etc.
5
Several modelling attempts have considered other dimensions of the academic institution. The model introduced in Carmichael (1988) intends to explain the tenure system. Merton and Merton (1989) describe the optimal
timing scheme for solving a set of scientific problems. Lazear (1997) models funding agencies. Brock and Durlauf
(1999) propose a model of discrete choice of scientific theories when agents have an incentive to conform to the
opinion of the community. Lach and Schankerman (2003) model the licensing of scientific discoveries. Carayol and
Dalle (2004) propose a model of scientific knowledge accumulation over an increasing set of scientific areas.
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More precisely, we model two employers (we refer to universities, but it could be departments
or research labs) which propose at each period research positions at all career stages : Ph.D.,
junior and senior levels to overlapping generations of two researchers. While taking promotion
and hiring decisions, universities cannot (or just do not) observe both agents’ efforts and cardinal
values of past productions : such decisions are taken on the basis of agents’ past production
ranking6 . At each stage of the career, positions differ both in terms of their remuneration and
their associated productivity. There is a productive premium due to both the accumulated
reputation of the host institution and due to positive spillover from ranked-first colleagues of
other generations within the university. At the junior and senior stages, the previously most
productive agents will select the positions they prefer, while others will accept the remaining
academic positions or even choose the outside option (leave the academe). Getting the most
productive position improves the chances to win the next competition round that is to get
again better productive positions and higher wages. This is the way cumulative advantage in
researchers competition is captured in the model. In this paper we also explicitly introduce the
competition between universities which also compete at each period to hire the best researchers
at junior and senior stages. Therefore the hiring decisions according to agents’ ranking, the
wages and, the accumulative advantages are endogenously determined in a dynamic setting.
Our main results are the following. We derive researchers equilibrium efforts and show that,
as highlighted by several empirical contributions (Zuckerman and Merton, 1972 ; Allison and
Stewart, 1974), the anticipated accumulative advantage improves early career efforts (because
it generates dynamic incentives) while it deters late career efforts. Nevertheless, the effect of
the accumulative advantage on the whole career scientific production remains ambiguous7 . As
regard the universities competition, we derive markov perfect equilibria of the game under
non restrictive assumptions. The equilibrium is stationary in the long run : a fixed cumulative
advantage endogenously arises that the leading university confers to its researchers. We precisely
compute the equilibrium and the optimal wages and show that the equilibrium wages proposed
to ranked-second agents are optimal and that the wages proposed by the leading university to
the ranked-first agents may be larger or lower than their optimal counterparts. This is because
leading universities do not internalize the positive incentive effect of the wages they propose on
scholars hired by other institutions at previous stages.
The paper is organized as follows. The model is presented in the next section. The third
section is dedicated to agents’ behaviors under such biased competition. The fourth section
6

The structure of the model has much in common with the biased contests literature initially applied to sequential auctioning (Laffont and Tirole, 1988), imperfect measurement of agents’ production within firms (Milgrom
and Roberts, 1988 ; Prendergast and Topel, 1996), and lastly career paths within firms that are either autoregressive (“late-beginner effect”) for Chiappori et al. (1999) either dynamically correlated (“fast track”) for Meyer
(1991, 1992).
7
In a previous contribution (Carayol, 2003) which introduces a more specific model (only one cohort), I specifically studied and found an optimal level of accumulative advantage, i.e. the second stage competitive bias
attributed to the first stage winner that optimally balances early career incentive effect and late career disincentive effect.
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introduces the universities competition. The fifth section compares optimal to equilibrium wages.
The last section concludes.

2 The model
2.1 Main features
Let us define the academic researchers population as overlapping generations of agents whose
career lasts three periods. Let p ∈ {1, 2, 3} denote the periods at which the agents can be
respectively Ph.D., junior researchers, and senior researchers. At each period t of the discrete
time, a fixed cohort C t arrives, composed of two researchers. There are two research institutions,
say universities {i, j} which hold a position of each stage.
The outcome of scholars work is assumed to result in some aggregated output which can be
called research production (that is papers properly weighted for accounting for various quality)
or equivalently credit in the peer scientific community. Research production is supposed to be
additively separable in efforts over the two first periods of activity. At period t, the research
output of the agent employed in university i at stage p of her career is given by :
 
p
yip,t ≡ f p ep,t
+ bp,t
(1)
i
i + εi .
It is a function of efforts spent at time t by the agent being at stage p of her career ep,t
i , with
p
f (·) a positive and increasing function which derivative gives the productivity of efforts at
the different steps of the career (Ph.D., junior and senior : p ∈ {1, 2, 3}). f p (·) is assumed to
be strictly increasing, concave and null when the agents exerts zero efforts : f p′ > 0, f p′′  0
and f p (0) = 0. The term εpi is the random specific shock that affects agent i production at
stage p such as E [εp ] = 0. Let us assume these shocks are iid across agents and periods. We
define ∆εp , as the difference between the individual random shocks at stage p : ∆εp ≡ εpi − εpj .
The distribution function of this random variable is denoted Gp (·) and its density function is
gp (·). The latter is assumed to be unimodal, continuously differentiable and strictly positive
over [−∞, ∞] and symmetric around its unique maximum attained at 0 (which implies that
gp′ (0) = 0). The term bp,t
i gives the surplus of credit which is due to the agents’ context of work :
it is an attribute of the university in which the agent is working. How this position specific
component is formed is stressed as follows :
p,t
t
bp,t
i ≡ αi + β i

(2)

with αti the effect of the accumulated reputation of the institution on agents’ production.
For


t
t
simplicity, we assume that it is independent of the stage considered p. The vector α = αi , αtj

synthesizes the reputational advantages of the two universities at t. The term β p,t
i is the potential
production premium due to the previous period ranking of co-workers in the academic institution.
It is a positive externality which can be seen as a reputation effect. Alternatively it might also
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be thought as a spillover due to non costly interactions (like good advises to next door office
colleagues). It can be computed as follows :
  ′

′
 
β p,t
i ≡ β × 1 i p t ranks first with p = p

(3)

for p, p′ = 2, 3, with β a positive parameter and 1 {·} the indicator function which is equal to 1
if the condition into brackets if verified. The expression “i |p′ | t ranks first” simply means that
university i employs at t a researcher who is at stage p′ of her carrier and who was ranked-first
at the end of the preceding period (period t − 1 and stage p′ − 1). This assumption formalizes
the idea that junior and senior scientists gain some production premium β to be working with
well ranked other scientists of the other generation. Ph.D. students(first stage)
 are assumed to
1,t
2,t
3,t
1
gain equally from the ranks of the two older generations : β i = 2 β i + β i . The term αti is
simply constituted of the accumulation of the past premia as follows :
αti ≡





γ τ β p,t−τ
i

(4)

p=2,3 τ =1...T

with some discount factor γ over a given relevant period of time T . If γ tends to 1, then past
and present advantages weight nearly equally in present production. When γ tends to 0, then
αti also tends to zero and the production premium bp,t
i tends to restrict to the present spillover
p,t
βi .


p,t p,t
Agents’ instantaneous net utility is given by the function W sp,t
which is assumed
i , bi , ei
to be additively separable between disutility of efforts and utility as follows :


 
p,t
p,t
>
b
− V (ep,t
(5)
+
ϕ
×
1
b
Wip,t ≡ U sp,t
i
j
i )
i
where ϕ > 0 represents the surplus of satisfaction derived from being in the most prestigious
institution. Agents do not value only wages but also the prestige of their host institution8 . U (·) is
the instantaneous utility function such that agents are assumed to be intra-periods risk averse,
U (·) : (0, ∞) → (−∞, ∞) such as: U ′ > 0; U ′′  0, lims→0 U (s) = −∞. The instantaneous
disutility of efforts function V (·) : (0, ∞) → (0, ∞) is assumed to be such as : V (0) = V ′ (0) = 0;
V ′ > 0 and V ′′ ≥ 0 over ℜ+∗ and lime→∞ V ′ (e) = ∞.
The whole career net utility function is assumed to be additively separable between the three
periods of the career. We also assume that agents do not have access to the financial market
such that they can neither save nor borrow and thus consume their whole revenue received at
each period considered. Thus, the total net utility of one agent i of cohort C t actualized at the
initial period t is given by :
t

Wi =



p,t+p−1
δp−1
a Wi

(6)

p=1,2,3
8

Levin and Stephan (1991) assume that scholars’ objective function has a “puzzle solving” argument that is
scholars also directly like publishing papers. Our assumtion is slightly different in that we rather assume that
scholars like being in a distinguished and prestigious institutions.
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with δa the agents’ actualization factor.
2.2 Information and timing
At each period, universities propose a position at each of the three stages. At the first stage
wages are unique and exogenously fixed and agents are assigned to Ph.D. research positions.
At the junior and senior stages the universities compete in wages offered. Universities cannot
adapt wages with cardinal information on past production : they only compare the scientific
production of the two candidates at the previous stage9 . At both levels, the positions they offer
have distinct associated productivity. The universities play simultaneously and have and infinite
time horizon. This game is called the Universities Game.
Agents have a life cycle point of view and face an intra-cohort competition. They compete
during the first round when they are Ph.D. At the end of the first period, they can access to
junior positions proposed by universities. Positions are characterized by an associated utility and
a production premium. Given the universities competition, the most productive agent chooses
the university that offers the preferred junior position. The other agent accepts the remaining
junior position proposed by the other university or defects and takes the outside option. If not,
the two agents compete in the following stage. Again, the most productive chooses the senior
position he prefers. There is a cumulative advantage because the first winner can choose the
junior position that provides an advantage to get the best senior position. At the end of the
third period, they retire.
Agents competition is analyzed in the following section while Section 4 deals specifically
with universities competition. The time consistency between the two interrelated competitions
derives to the fact that efforts are non observable and that cardinal information on production is
not available. Previous stage tournaments ranking is the only information available. Therefore,
scholars care only about future wages and productive advantages that they consistently believe
to be stationary. As we shall show, universities care only about previous period ranking, the
other university strategy and the present efforts of its current employees at previous stages
when setting their wage proposals.

3 Researchers behaviors
We now concentrate on the computation of scientists equilibrium behaviors leaving aside the
issue of universities competition that will be treated in the next section. Important for us now, we
shall show there that, at each stage, the agent who wins the competition occupies (as expected)
at the next period the position that provides the highest satisfaction which also provides the
highest productivity. Let the difference in productive advantages bp at each stage p = 1, 2, 3 be
9

Thereby, we also assume that universities do not consider the ranking of the Ph.D. stage ranking to hire a
senior researcher. This information is either neglected, irrelevant or just lost.
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noted ∆bp 10 . We shall also define Πpi as the expected utility of the agent employed at university
i11 from stage p to the end of the career given its level of information so far. Formally we have
Πpi

=E

3


q,t+q−1
δ q−1
a Wi

(7)

q=p

with E the expectation operator.
At each stage, agents maximize expected utility over their remaining career cycle. We use
standard backward induction reasoning. Since there is no motive for any competition in the last
stage of the career, we have e3k = 0, k = i, j and third stage production thus restricts to the
shock and the potential production premium12 . We thus concentrate on the two first stages of
the career : we first study second stage Nash equilibrium and then first stage subgame perfect
Nash equilibrium.
3.1 Second stage Nash equilibrium
At the second stage, agent i chooses her effort level e2i , given j’s (e2j ) in order to maximize
her expected net utility from then. Agents believe that they will get more utility if they win
than if they loose such that ∆U 3 > 0, a belief which is consistent with universities behaviors as
we shall show in the next section. Thus, i’s program at the beginning of stage 2 consists in




3
(8)
ẽ2i ≡ arg max P yi2 > yj2 × δ a U + ϕ + 1 − P yi2 > yj2 × δ a U 3 − V e2i .
3

U is the utility derived from wage if the second contest is won and U 3 if it is lost. The Nash
equilibrium effort level ẽ2i maximize the expected net utility actualized at the second career
stage. It is equal to the probability of winning the second tournament times the utility he will
receive if he wins the tournament, plus the probability to loose that tournament times the utility
received if he looses it, net of the disutility of efforts13 . An identical program could be written
for j. The simultaneous resolution of the two programs detailed in the Appendix A leads to a
unique Nash equilibrium which is symmetric and given by
ẽ2 = Θ−1
δ a ∆U 3 + ϕ g2 ∆b2
2

,

(9)

with function Θ2 (·) defined by Θ2 (x) = V ′ (x) /f 2′ (x) . This function is null at 0 and strictly
increasing from then (and thus so is its inverse function Θ−1
2 (·). Therefore, second period efforts
are increasing with agents’ actualization factor, and the differences in third stage differences
in utility whatever they come from difference in wages (∆U 3 ) or in satisfaction derived from
being in a prestigious institution (ϕ). The accumulative advantage ∆b2 effects are negative
(for details see the Appendix).
10

Since the analysis in this section will be limited to only one cohort behavior, we will remove time superscript
and uniquely refer to career periods (given by p).
11
In this section “agent i” and “the agent employed by university i” have the same meaning.
12
Clearly senior researchers do excert efforts in real life. Nevertheless, this behavior seems not to respond to
the kind of motives that are at stake in this model.
13
We ommit second stage utility since it is independant of second stage efforts.
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3.2 First stage subgame perfect Nash equilibrium
We now turn to the first period agents’ behaviors. Agent i objective is to determine her first
period effort level in order to maximize expected net utility, that is
 
ẽ1i = arg max Π1i .

(10)

This maximization program is different from the second period one since the first period success influences the second stage competition. The unique and symmetric subgame perfect Nash
equilibrium (again detailed computations are in the Appendix A) is given by :
ẽ1 = Θ−1
g 1 ∆b1 δ a ∆U 2 + ϕ + δ a 2G2 ∆b2 − 1
1

∆U 3 + ϕ

(11)

with Θ1 (·) such that Θ1 (x) = V ′ (x) /f 1′ (x) and Θ−1
1 is increasing. Moreover, knowing that
2
2
∆b > 0 and that g (·) is symmetric around its unique extremum at 0, then G2 ∆b2 ≥ 1/2
and thus 2G2 ∆b2 − 1 ≥ 0. Thus first stage equilibrium efforts ẽ1 are increasing with the
actualization factor and with the differences in utilities at the junior and the senior stages (∆U 2
and ∆U 3 ) whatever they come from the differences in wages or from the differences in satisfaction
to be in the most prestigious institution. The accumulative advantage ∆b2 effects are positive
while the effects of the initial advantage ∆b1 are negative (for details see the Appendix).
These results are summed up in Proposition 1 below. It confirms the results of several
empirical according to which the accumulative advantage stimulates early career efforts while it
diminishes late career efforts.
Proposition 1. Agents’ equilibrium efforts are unique and symmetric at each stage of the
career cycle. Equilibrium efforts decrease with the differences in utility provided by positions at
the remaining stages of the career. The accumulative advantage which favors in the second stage
the winner of the first competition increases first period equilibrium efforts while it decreases the
second period efforts. The first stage advantage decreases first period efforts.

4 Universities competition
In this section, we shall focus on the Universities Game. At the end of each period, the
scholars’ ranking is public knowledge. At the beginning of the next period, the universities propose one position at each stage p = 1, 2, 3. To fulfill their available junior and senior positions
(agents are assigned exogenously to Ph.D. positions at the beginning of the career), universities
compete to hire the best researchers. Neither the universities care about the institutions where
the researchers were previously employed, nor relevant cardinal information on past production
is available (or relevant as regard the institutional constraints). The universities compete simultaneously in wages. The competition is asymmetric with respect to their respective reputations.
Universities consider the game as lasting infinitely.

9

Let us denote by Ωi the objective function of university i at some time period t0 . Without
loss of generality, we will consider t0 = 0 in order to avoid cumbersome writings. It is equal to
the discounted net surplus captured by university i over an infinite period of time as follows,
Ωi =

∞ 
3


δ τ (ψyip,τ − sp,τ
i ).

(12)

τ =0 p=1

The parameter ψ > 0 gives the unitary value of scientific knowledge captured or just considered14
by the university. It is assumed to be homogeneous or normalized. Parameter δ is the discount
factor.
Let now ∆yip,t denote the net surplus of production university i gets from employing at stage
p and period t the scientist who won her preceding academic tournament (as compared to hiring
the one who did not). It directly derives from the preceding section that this surplus is only
composed of the direct productive complement a ranked-first agent provides to other researchers
employed by i (at other stages). It is independent of i and can be computed as follows :
3
∆yip,t = ∆y p = β,
2

(13)

which is directly computed from agents’ production function equation (1) and from the equation
which sets the direct externality (3) . We denote by yp,t the expected production only due an
agent’s efforts (without considering the premium). It is only affected by her equilibrium efforts
(which are unique at each stage as shown in Section 3).
The universities payoffs at period t can be written as a functionof the
 wages proposed by
p,t
t
the two universities at the two last stages summed up in vector s = sk
. It is given
k=i,j;p=2,3

by :
t

πi s

3 
3







3
p,t
p
p,t
p
=
ψy − si × 1 Πi ≥ W + ψ
β × 1 Πpi > Πpj and Πpi ≥ W p . (14)
2
p=1
p=2

University i must offer agents a wage that provides a higher expected utility than their reserve
utility level outside the university system (Πpi < W ). Otherwise, agents always defect and the
university gets a null payoff. The second component of the right hand side of the equation
indicates that each stage p = 2, 3, if university i provides the highest expected utility given the
level of information of agents so far (Πpi > Πpj ), it hires the researcher ranked-first and captures
the surplus of production as given in (13). Otherwise, the university hires the other researcher
and can not capture the surplus in revenues associated with the production premia given in (13).
t
 At each
 period, an action of university k = i, j in the Universities Game is a vector sk =
3,t
s2,t
of the two wages proposed at t. The history of the game so far noted ht ∈ H t (H t
k , sk
14

If the university is controled by any external institution or body having its own goals (e.g. a state), the rate
ψ considered in the objective function might be higher than the effective rate of returns of scientific knowledge on
the university budget. It would become closer to its social value. The comparison between ψ and the real social
value of scientific knowledge comes in Section 5.
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is the set of all possible histories in period t) is the collection of all previous actions such that
t
ht = ht−1 ∪ st−1 . H is the set of all possible histories over time such that H = ∪∞
t=0 H . A pure
behavioral strategy at t is a function ρti : H t × ℜ+2 → ℜ+2 , which gives a couple of wages at t
(an action sti ) from each possible history at t and each possible wage simultaneously proposed
by the other university (stj ).
We are interested in Markov Perfect Equilibria (MPE) (see Maskin and Tirole, 2001) of the
Universities game. So we restrict to markov strategies, that is strategies that are not function
of the whole history of the game but only of the state of the system. The vector αt ∈ ℜ+2
which synthesizes the reputational premia of the two universities at t, is the payoffs relevant
state of the system because no other past variable does consistently influence present actions.
We consider only strategies of the form : σti : ℜ+2 × ℜ+2 → ℜ+2 . Such strategies give, for each
t
action of the opponent

 and for each given reputation levels, a couple of wages si . It is of the
t
t
t
 = σ
i, σ
 j such that σ
 ti and σ
 tj are
form : σti = σ ti stj , αt . A MPE is a couple of strategies σ
best responses to each other and are markov strategies.
The MPE notion relies much on the idea that small causes have minor effects. In the dynamic
programing spirit, agents are assumed to simultaneously maximize their continuation equations
which in the context of the Universities Game can be set as follows :
θi st , αt =

3
3 


 



p
p
p
p
p
p
×
1
Π
≥
W
+
B
×
1
Π
>
Π
and
Π
≥
W
. (15)
ψy p,t − sp,t
i
i
i
j
i
p=2

p=1

The expression is similar than the payoff function (14) with the exception that now, hiring
the ranked-first scientist at the junior and senior levels brings some delayed productive surplus
due to the increase of reputation its causes to the host university. The increment of reputation
depreciates over years at rate γ and is discounted by factor δ over an infinite horizon. The payoff

t t
3
surplus is thus 32 βψ ∞
t=1 δ γ . When one adds to this term the direct spillovers 2 βψ already

−1
t t
3
.
present in (14) , it becomes equal to B ≡ 32 βψ ∞
t=0 δ γ = 2 βψ (1 − δγ)
The simultaneous maximization, at each period, of the two universities continuation equations leads to the MPE. The intuitions for the equilibria are the following. By convention, and
without loss of generality, let i be the leading university at the period considered t while j is the
other university, that is : αti > αtj . University i can attract the best scientist with a lower salary
at stages 2 and 3 because agents value being in the most reputed university and, if they are
about to enter the junior stage of the career, they also know that working in this university will
increase their probability to win the next tournament. Since both institutions value equally recruiting the best researcher, such asymmetry provides university i a decisive advantage. Indeed,
university i can propose a wage such that university j can not set a wage that might attract a
ranked-first researcher without having a lower return than just hiring the ranked-second agent.
The best rate at which university j can attract the ranked-second agent is by setting the minimal wages which saturate agents participation constraints. Theorem 2 below states this more
rigorously.
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Theorem 2. Given Assumptions 3, at any period t > 0 of the Universities
Game, the MPE


t
t
t
t
t
t
t
 = σ
i, σ
 j is such that, if αi > αj , the equilibrium wages 
s = 
si , 
sj are 
sti = sp,t p=2,3
σ



and 
stj = sp,t p=2,3 such that i) Πpj = W p for all p = 2, 3, and ii) 
sti = arg maxsp,t ,p=2,3 3p=1 ψy p,t − sp,t
i
i
subject to the incentive constraints ( 9 and 11), subject to the participation constraints and subject to competition constraints that ensure i attracts the ranked-first agents. The competition
constraints are given by the following condition. For any vector of wages s′t that differs from
p′
p,t such that Πp ≥ Πp , then

st only in wages proposed by j (possibly the two) sp,t
j = s = s
j
i
θj s′t , αt < θj 
st , αt (any move allowing j to hire ranked-first agent(s) would be detrimental
to j).
t

Proof. The proof is in the Appendix A.
Assumptions 3. A3.1) for all vector of wages s′′t identical to st except that at any given
p,t
′′t
t
t
t
stage (possibly the two), sp,t
j is equal to 0 instead of s , we have θi s , α  θi s , α ; A3.2)
for all vector of wages s′′′t identical to st except that at any given stage p (possibly the two), sp,t
i
is equal to sp,t instead of sp,t , we have θi s′′′t , αt  θi st , αt .
This assumption simply rules out trivial and uninteresting configurations. It states that, at
the equilibrium and at both stages, the university which has not the reputational advantage
prefers to hire the ranked-second worker rather than hiring no-one (A3.1 ) and ; the university
which has the reputational advantage prefers to hire the ranked-first worker at the equilibrium
wage at both stages rather than hiring the ranked-second worker at the wage which saturates
agent outside option utility (A3.2 ).
Theorem 2 shows how the other university rivalry plays as a competition constraint on
the leading university. The competition equilibrium is said to arise when the leading university
saturates the competition constraints. In this configuration the leading university sets its third
stage wage s3,t such that
U s3,t + B = U s3,t + ϕ,
(16)
that is, the ranked-first agent, at the beginning of the senior stage, would have an equal satisfaction being hired by the less reputed university which would offer (in addition to the wage that
saturates the participation constraint s3,t ) to the agent all the value of the productive (direct
and delayed) premium this agent would bring in15 or being hired in the leading university.
The leading university sets its second stage wage s2 such that
U s2,t + B = U s2,t + ϕ + δ a [2G (b) − 1] U s3,t + ϕ − U s3,t

.

(17)

At the beginning of the junior stage, the ranked-first agent would have again an equal expected
utility being hired by the less reputed university which would offer the value of its productive
premium (B) or being hired by the leading university and benefiting from both the direct
15

B is the maximal amount the non leading university is ready to offer to the ranked-first agent on the top of
the wage that it would give to the ranked second agent.
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satisfaction working there (ϕ) and the discounted surplus of expected utility due to the increased
chance to win the next contest.
Nevertheless the incentive constraint is still effective because their employees consistently
anticipate that the proposed wages are constant in time. The leading university knows that the
second period wage proposed has an incentive effect on the agent who is currently employed
by the university at Ph.D. stage. Similarly, the leading university knows that the senior wage
proposed has an incentive effect on both the Ph.D. and the junior who are employed in this
university. Thus there is no reason to exclude a priori a configuration in which the competition
constraint is not saturated due to purely incentive purposes. The leading university wages might
differ depending whether the competition constraints are saturated or not.
Let us define sp,t∗ p=2,3 the full incentive maximizing wages of the leading university i, that
are solution of the optimization program of Theorem 2 but now irrespective to the competition
condition. If sp,t∗ > sp,t , ∀p = 2, 3 then the competition constraint is not effective and the full
incentive maximizing equilibrium is said to arise (none of the incentive constraints is saturated).
If s2,t∗ < s2,t and s3,t∗ > s3,t , the mixed equilibrium arises. The incentive effect is then prevalent
only for the senior wage16 while the junior wage offered by the leading university saturates the
competition constraints.
Corollary 4. Theorem 2 leads to three possible Markov Perfect Equilibria which differ only
in the wages proposed by the leading university depending on whether the competition constraints
are saturated : i) the competition equilibrium if sp,t > sp,t∗ , ∀p = 2, 3 ; ii) the mixed incentive
equilibrium, if s2,t∗ < s2,t and s3,t∗ > s3,t and, iii) the full incentive maximizing equilibrium if
sp,t∗ > sp,t , ∀p = 2, 3.
Now we investigate the long run implications of Theorem 2 which shows that the leading
university thus always attracts the ranked-first scholars. There is thus a path dependent process
since the equilibrium of the university competition game preserves the competitive advantage of
the leading university which tends to some fixed value as stated in Corollary 5 below.
Corollary 5. The MPE of the Universities Game preserves the competitive advantage of
the leading university over time : the most reputed university hires the winning agents at junior
and senior stages and thus conserves full advantage over time. In the long run ( t → ∞), the
endogenous competition advantages the leading university confers to its employees tend to b ≡
β (1 + γ) / (1 − γ) for an infinite reputation relevant period T .
Proof. According to Theorem 2, the leading institution hires at both stages the rankedfirst agents and thus preserves its advantage for ever. When t tend to infinity, any productive
premia the non leading university might had (by any kind of accident) tends to zero (due to
the discount). Then, the productive advantage ∆bp,t of any agent employed by the leading
university is strictly equal to the productive premium bp,t . In the long run, when t → ∞ ,
16

Senior wages have a higher incentive effect because they play positively on both the Ph.D. and the junior
stages efforts while the junior wages only impact on agents holding a Ph.D. position.
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it also becomes invariant in time and is computed as follows : bp,t = β + p=2,3 τ =1,...,T γ τ β
which tends to b ≡ β (1 + γ) / (1 − γ) when the relevant period T tends to infinity. 

4 Welfare analysis
This section is dedicated to the welfare analysis. Optimal wages are computed in the first
subsection under some simple specifications of the utility, the disutility and the production
functions. In the second subsection, we compute the equilibrium wages given these specifications
and study how they relate to optimal ones.
4.1 Optimal wages
We assume that the social surplus created by the academic activity is simply obtained,
through function Φ (·) , by the actualized sum of the individual productions time a given parameter φ > 0 which gives the unitary social value of scientific knowledge which is assumed to be
homogeneous (or normalized)17 . Thus, the total surplus actualized at period t0 = 0 generated is
given by :
∞  
3

Φ≡
δτ φykp,τ − sp,τ
(18)
k
τ =0 k=i,j p=1

with δ, the social actualization factor.
The program of the central planner is to set the optimal recruitment scheme at each period
and stage. We assume that the central planner has exactly the same level of information as universities : at each period, it can only use ordinal information on the previous period ranking18 .
The planner naturally offers the best positions to the ranked-first agent (as universities competition does) in order to fully preserve the continuation career incentives. It sets the optimal wages
 t = ŝ2 , s·2 , ŝ3 , s·3 = arg maxSt Φ St under the incentive constraints given in (8) and
as follow S
(10) and the participation constraints. By convention, wages ŝp are proposed to the ranked-first
agents and wages s·p are proposed to ranked-second ones.
We now specify the functions U (·), V (·) and f p (·) according to their properties given in
Section 2. The utility function is simply assumed to be U (s) = ln s. The disutility function
is assumed to be quadratic in efforts : V (e) = 21 ce2 . The production functions of scientific
knowledge are assumed to be linear in efforts, with : f 2 (e) = µf 1 (e) = µae. The strictly
positive parameter µ gives the increase in agents’ productivity between the two first period of
their career. If we have µ > 1, then agents’ productivity increases through the career path.
Let also the ∆εd be identically distributed across the different periods of the career, that is
gd (·) = g (·) , ∀d.
17

Notice we do not assume that the social value of knowledge φ and the value considered by the universities ψ
are identical.
18
Therefore, our analysis can be seen as a second-best approach as regard an omniscient social planner.
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We focus on the long run wages (t → ∞), for which we know that ∆bp,t → b, ∀p = 1, 2, 3.
Again, the long term wages are consistently expected to be stationary by agents. They anticipate
that the next period wages will be the same they observe of the current period. Given such
anticipations, the central planner has no reason to modify the long run wages in time.
The social planner sets the lowest optimal wages at junior and senior stages so as to saturate
agents’ participation constraints. Thus, the wages of the ranked-second agents at both stages
are : s·2 = exp(W 2 ),19 and s·3 = exp(W 3 ). The wages proposed to the ranked-first agents are
simply derived from the two FOCs of the social planner program settled with regard to ŝ2 , and
ŝ3 (detailed computations are in the Appendix). It comes :
ŝ2 = 2φ

a2
δ a g (b) ,
c

(19)

a2
δ a g (b) δ a (2G (b) − 1) + µ2 .
(20)
c
The optimal ranked-first junior wages decrease with the accumulative advantage b. The effect
of b on ŝ3 is ambiguous. The optimal wages also increase with the productivity of agents’ efforts
(a), the unitary social value of scientific knowledge (φ) and agents’ actualization factor (δ a ).
They decrease with the unitary cost of efforts (c).
ŝ3 = 2φ

4.2 Comparing optimal and equilibrium wages
Let us compute the equilibrium wages given the specifications introduced in the previous
subsection. As stated in i) of Theorem 2, the lowest equilibrium wages saturate the participation
constraints then : s2 = exp(W 2 ), s3 = exp(W 3 ). These wages are strictly identical to their
optimal counterparts. Let us now focus on the competition equilibrium. The equilibrium wages
of the leading university are simply obtained using equations (16) and (17) , introducing the
specifications and after few some combinations. It comes :
  3



s2 = exp ln eW + B [1 − δ a (2G (b) − 1)] − ϕ − δa (2G (b) − 1) ϕ − W 3
(21)
 3

s3 = eW + B e−ϕ

(22)

These wages saturate the constraint that the leading university attracts the two ranked-first
agents for any profitable offer of the opponent university. The other university is ready to offer
(in wage) to a ranked-first researcher up to the totality of the spillovers and reputation premia
he would bring in. The ranked-first researcher accepts the position if such wage provides him a
higher utility than the satisfaction to be in the most reputed university and (at the junior stage
only) the surplus of expected utility due to the higher probability to win the next tournament.
Thus the leading university proposes a wage to the ranked-first agent so that the wages the
19

We assume here, so as to simplify the notations, that agents compare the second stage outside option with
 2 with
the current period utility (and not with the whole career expected utility flow). In short, agents compare W
2
2
U instead of Π .
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other university should propose to attract her are sufficiently high so that it prefers to hire the
ranked-second at the best rate.
If the leading university prefers to pay more its employees just because it increases its payoffs
thanks to the surplus of incentives it brings to its current employees at the previous stages we
are in the full incentive maximizing equilibrium. It can easily be shown that then the wages
proposed by the leading university (set unrespective to the competition constraints), can be
simply derived from the optimal wages as follows
sp∗ =

ψ p
ŝ , ∀p = 2, 3.
2φ

(23)

Universities value scientific knowledge production at rate ψ instead of φ, and they only take
ψ p
into account the incentive effect of wages on their own employees. If 2φ
ŝ > sp , ∀p = 2, 3 and
if the university associated returns are higher then the university set the proposed wage so as
to maximize the incentives provided to its currently employed Ph.D. agents. Notice that the
equilibrium wages will be lower than their optimal counterparts only if ψ > 2φ, that is if the
universities value knowledge at least twice its social value20 .
Proposition 6. Optimal and equilibrium wages of the ranked-second agents at junior and
senior career stages are equally set so as to saturate agents participation constraints. The competition and full incentive equilibria wages offered to the ranked-first agents can be either greater
or lower than the optimal ones depending on the values of the parameters.
Proof. The proof is trivial from the comparison of equations (21) with (19), and (22) with
(20) and considering equation (23) for the full incentive maximizing equilibrium.

5 Conclusion
In this paper we have introduced a model of academic competition which intends to capture both the life-cycle effect and the cumulative advantages effect of the academic reputation
based reward system on the provision of individual incentives. We have suggested a mechanism
according to which such effect is rooted in the employment relationship. Research positions are
intrinsically unequally productive and the attribution of the best ones is based on the ranking on
past scientific production. Unequal productivity is essentially due to some positive externality
best ranked agents have on the scholars employed by their university and to a positive effect of
the accumulated reputation of the employing university which is endogenously determined by
the past successes of the universities in the recruitment of the most reputed scholars.
Our results highlight that the accumulative advantage has negative effects on incentives at
all but the first stage of the career at which the effect is ambiguous. The most important results
of this paper concern the other side of the coin, namely the between-universities competition.
The leading university always hires the ranked-first agents at junior and senior stages at the
20

for space onstraints, we do not examine the mixed equilibrium here the analysis of which does not bring much.
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equilibrium. The accumulative advantage the leading university confers to its employees is endogenously generated in the long run and is stationary. The wages proposed by the non leading
university are optimal. There are tree possible equilibrium wages proposed by the leading university. In the competition equilibrium, the leading university sets the wages so as to saturate
the competition constraint which ensure it hires the ranked-first scholars. In the full incentive
equilibrium, the leading university sets wage proposals so as to maximize the incentives provided
to the agents it currently employs at previous stages. In the mixed equilibrium, only the junior
wage saturates the competition constraint.
In all cases, there is no reason why the equilibrium wages offered to ranked-first agents
should correspond to the optimal ones. In the competition equilibrium, the leading university
cares only about the capacity of the opponent university to attract ranked-first agents. If the
competition between universities is very low, the full incentive equilibrium is likely to arise.
Then, the leading university may not consider the competition constraint and rather focus on
the provision of incentives to agents (as in the optimal configuration) but in a very specific and
partial manner. The leading university does not take into account the incentives its wages have
on the other university employees. More : since universities cannot control neither efforts nor
production at each stage, no incentive can be provided to their seniors and junior wages impact
only on the Ph.D. they hire. It is only if the leading university values knowledge twice more
than its social value (which is rather unlikely) that the full incentive equilibrium wages of the
leading university are higher than their optimal counterparts.

Appendix A
Computation of the second stage Nash equilibrium
The first order condition of program (8) is
δ a ∆U 3 + ϕ × ∂P yi2 > yj2 /∂e2i = ∂V e2i /∂e2i .

(A1)

Notice that the probability that i wins the second tournament is given by
P yi2 > yj2 = P f 2 e2i + ∆b2 + ∆ε2 > f 2 e2j

= 1 − G2 f 2 e2j − f 2 e2i − ∆b2

.

When differentiating that expression with respect to i’s efforts, one obtains :
∂P yi2 > yj2 /∂e2i = f 2′ e2i × g 2 f 2 e2j − f 2 e2i − ∆b2 .
Introducing this expressions in the first order condition (A1), one gets :
f 2′ e2i × g2 f 2 e2j − f 2 e2i − ∆b2 δa ∆U 3 + ϕ = V ′ e2i
Let us define the function Θ2 (·) , such as Θ2 (x) = V ′ (x) /f 2′ (x) . This function is defined over
ℜ+ , Θ2 (·) : (0, ∞) → (0, ∞) . Since V ′ (0) = 0, this function is null at 0 (Θ (0) = 0). Moreover,
having V ′ > 0, V ′′ > 0, f 2′ > 0, f 2′′  0, it can easily be shown that this function is strictly
17

increasing : Θ′2 > 0. Thus, its inverse function Θ−1
2 (·) : (0, ∞) → (0, ∞) is also increasing. Then,
one can rewrite the two first order conditions using these new notations :
Θ2 e2i = δ a ∆U 3 + ϕ g 2 f 2 e2j − f 2 e2i − ∆b2 ,
Θ2 e2j = δ a ∆U 3 + ϕ g 2 f 2 e2i − f 2 e2j − ∆b2 .

 
Given the assumptions formulated so far, these two equations are of the form e2i = h e2j and

e2j = h e2i with h(·) a continuous function over ℜ+ . Therefore, if an equilibrium exists, it is
necessarily symmetric of the form e2i = e2j = e2 such that e2 = h h e2 . This equilibrium then
satisfies the following expression :
Θ2 e2 = δ a ∆U 3 + ϕ g 2 ∆b2 .
Knowing that that Θ2 (·) is strictly positive, is null at zero, is strictly increasing and that
lime→∞ Θ2 (e) = ∞ (since by assumption lime→∞ V ′ (e) = ∞ and f 2′′  0), this equation admits
a unique solution. Moreover, since g 2 > 0, ∆U 3 > 0 and f 2′ > 0, this solution is strictly positive.
The unique symmetric second stage Nash equilibrium is thus given by
ẽ2 = Θ−1
δa ∆U 3 + ϕ g2 ∆b2
2

.

Computation of the first stage subgame Perfect Nash equilibrium
Let pi denote the probability that, if the agent employed by university i has won the first stage
competition, he will also win the second stage one. Since the second tournament is influenced
by the results of the first one, pi is a conditional probability. Since the second stage equilibrium
efforts are identical (given in 9), that conditional probability is independent of agents’ identity
(p = pi = pj ). It can be computed as follows :
p = P (e2 + εi + ∆b2 > e2 + εj ) = 1 − P (∆ε < −∆b2 ) = 1 − G2 −∆b2 .
Referring to the assumption that g (·) is symmetric around 0, one can write : p = G2 ∆b2 .
We note ∆Πp the surplus of expected utility received from stage p (included) over the remaining career cycle it provides to given that stage p is won and the expected utility given it is
lost. Formally it is given by
∆Πp = Πpi | yp >y p − Πpi | yp <y p ,
i

Πpi | yp >y p
i
j

with
tournament.

j

i

j

the expected utility of agent i conditioned on i will win the ongoing p’s period

Using these notations and definitions and after several recombinations, we can rewrite ∆Π1
as follows :

  3



 3


 2
∆Π1 = δa U + ϕ + δ 2a p U + ϕ + (1 − p) U 3 − δ a U 2 − δ 2a (1 − p) U + ϕ + pU 3 .
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After a few simplifications, it comes :
∆Π1 = δ a ∆U 2 + ϕ + δ 2a 2G2 ∆b2 − 1

∆U 3 + ϕ ,

with ∆U 2 the difference in utility between having won the first tournament and having lost it.
Introducing that expression in the first order condition of the first period maximization program
(10) , it comes21 :
Θ−1
e1 = g 1 ∆b1 δ a ∆U 2 + δ a 2G2 ∆b2 − 1 ∆U 3 ,
1
with Θ1 (·) defined similarly than with Θ2 (·) , that is Θ1 (x) = V ′ (x) /f 1′ (x) . The equilibrium
is symmetric and unique for the same reason than for the second period. The final expression of
the equilibrium efforts (11) follows .
The incentive properties of the accumulative advantage
We here specifically study the effects of the competitive advantages at the first two stages of
the career (∆b1 and ∆b2 ) on the equilibrium efforts (ẽ1 and ẽ2 ).
The second period efforts are independent of the first period advantage. In order to characterize how the cumulative advantage ∆b2 affects the second period equilibrium efforts, we
differentiate both sides of equation (11) with respect to ∆b2 :
∂ẽ2 /∂∆b2 = g2′ ∆b2 δ a ∆U 3 + ϕ × Θ1−1′ g 2 ∆b2 δ a ∆U 3 + ϕ

( 0)

2
2
We know that Θ−1
1 is an increasing function. Moreover, knowing that ∆b > 0 and that g (·)
has its unique extremum at 0, thus g 2′ ∆b2 is strictly negative. Thus, we can conclude that
∂ẽ2 /∂∆b2  0.

The first period equilibrium efforts are function of both the first and second stages accumulative advantages. From equation (9), we obviously have ∂ẽ1 /∂∆b1 < 0, since Θ−1
1 is increasing,
1
1
2
2
∆b > 0 and that g (x) decreases for all x > 0 and thus 2G ∆b − 1 ≥ 0 (g 1 is symmetric
around its unique extremum at 0). As regard the effect of the second stage advantage on the
first stage efforts, we differentiate both sides of equation (9) with respect to ∆b2 . It comes :
∂ẽ1 /∂∆b2 = 2g1 ∆b1 g2 ∆b2 δ2a ∆U 3 + ϕ
× Θ−1′
g 1 ∆b1 δ a ∆U 2 + ϕ + δ a 2G2 ∆b2 − 1
1

∆U 3 + ϕ

(> 0) .

The second period bias has a disincentive effect on the second period efforts while it increases
first period efforts.
Proof of Theorem 2
The proof has two parts.
21

One may observe that the symmetry of the density function around zero allows to maintain the symmetry of
the equilibrium, using the following property : g p (∆bp ) = g p (−∆bp ) , ∀p = 1, 2.
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a) It is a MPE. Let us show that university j has no incentive to deviate. If j proposes a higher
wage at any stage, two cases may arise. This increase is not sufficient to attract the ranked-first
agent. Then j gets higher costs but returns remain unchanged. If the increase is sufficiently high,
university j attracts the ranked-first agent but, according to ii), j expected payoffs are lower. If
j decreases any proposed wage, then the ranked-second agent has an incentive to deviate outside
the university system. The does not fulfill the position and gets a lower return according to A3.1.
Thus, j has no incentives to move. Let us show now that university i has also no incentive to
deviate. If i increases any wage, revenues remain the same while costs increase. If i decreases
wages of any increment, then j reacts by setting a wage which allows it to hire the ranked-first
agent and increase its returns. This would of course sharply decrease i’s payoffs. Then i has no
incentive to move either.
b) No other MPE exists. Excluding the above mentioned MPE equilibrium, there are four
possible situations for any given stage p (which can be treated independently) which can be
 t . 1/ Both
categorized by comparing the wages proposed by i and j to the one proposed at σ
universities propose higher wages at stage p : if j’s proposition is not sufficient to attract the
raked-first agent, then it has a incentive to reduce its proposition. If it is sufficient to attract the
ranked-first agent, then j has also an incentive to reduce its proposition. That is because, then
its payoffs are lower than just setting its proposition to sp,t and hire the ranked-second. If i was
setting its wage proposal at sp,t , this would be verified (condition ii). Now that i makes an even
higher proposal, this is clearly also verified. Then j has an incentive to deviate. 2/ University
j proposes a higher wage at stage p and i a lower wage : if j’s proposition is not sufficient to
attract the best scientist. Then j has clearly an incentive to deviate. If it is sufficient, then i
has an incentive to increase its proposition so that it will read the threshold given in ii), that is
when j will prefer reducing its proposition and aim at hiring the ranked-second agent. 3/ Both
universities propose lower wages at p : then j for sure can not hire any agent and gets lower
payoffs according to A3.2. University j deviates. 4/ University j proposes a lower wage and i a
higher at p : then j for sure can not hire any agent and gets lower payoffs according to A3.2 and
i pays a higher salary for no compensation. University j deviates. In all situations which differ
from the MPE, at least one university deviates. Then, there is no other equilibrium.
Computation of the optimal wages
The program of the social planner can thus be rewritten as follows :
max Φ =

 t ,∀t>0
S

∞


δτ 2φ f 1 (ẽτ1 ) + f 2 (ẽτ2 ) + f 3 (ẽτ3 ) + 3ε + 3φ∆bp,τ − 2s1,τ + ŝ2,τ + s·2,τ + ŝ3,τ + s·3,τ

.

τ =0

Given the specifications introduced in Section 4, we have Θ1 (e) = ac e and Θ2 (e) =
2

(µa)
c

a2

c
µa e.

Moreo-

−1
2
ver, one obtains : f 1 ◦ Θ−1
x. Then Φ becomes :
1 (x) = c x and f ◦ Θ2 (x) =

 2

a
p,τ ) ln ŝ2,τ − ln s
2,τ + ϕ + δ [2G (∆bp,τ ) − 1] ln ŝ3,τ − ln s
3,τ + ϕ
∞

2φ
δ
g
(∆b
·
·
a
a
c


Φ=
δτ 
a2 µ2
+ c δ a g (∆bp,τ ) ln ŝ3,τ − ln s·3,τ + ϕ + 3ε + 3φ∆bp,τ − 2s1,τ + ŝ2,τ + s·2,τ + ŝ3,τ + s·3,τ
τ =0
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In the long run, when τ → ∞, as shown in Corollary 5, the cumulative advantage becomes
stationary ∆bp,τ = b. Then, the optimal wages also become stationary ŝp,τ = ŝp and s·p,τ =
s·p , p = 2, 3. The first order conditions of the social planner’s program computed with respect
to the lowest wages, lead to negative values. Then the social planner saturates the participation
constraint of the ranked-second agents at the two stages considered : s2 = exp(W 2 ), and s3 =
exp(W 3 ). After some combinations and simplifications, the first order conditions computed with
respect to the highest wages lead to the equilibrium wages given in (19) and (20).
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